In mathematical modeling of the non-squared frequency-dependent diffusions, also known as the anomalous diffusions, it is desirable to have a positive real Fourier transform for the time derivative of arbitrary fractional or odd integer order. The Fourier transform of the fractional time derivative in the Riemann-Liouville and Caputo senses, however, involves a complex power function of the fractional order. In this study, a positive time derivative of fractional or odd integer order is introduced to respect the positivity in modeling the anomalous diffusions.
Introduction
The time fractional derivative has long been found to be a very effective methodology to describe the anomalous attenuation (damping, diffusion) behaviors such as the arbitrary frequency-dependent damping (Makris and Constantinou, 1991; Enelund, 1996; Adhikari, 2000) and non-square frequency-dependent Burgers equation (Ochmann and Makarov, 1993) . Caputo (1967) and Caputo and Mainardi (1971) developed the constant Q seismic wave propagation model via the fractional derivative, where Q represents an attenuation per unit wavelength. The Bagley-Torvik strain-stress model (Bagley and Torvik, 1983) has also been widely noticed for polymer solids without cross linking, where the fractional derivative is an essential building block. A fractional derivative time model without space variables can be typically expressed as (Seredynska and Hanyga, 2000) 
where D 1+η with 0<η<1 represents the (1+η)-order fractional derivative with respect to time in the sense of Caputo (1967) and models the anomalous damping, and γ is the thermoviscous coefficient. The detailed definition of the fractional derivative will be given in later section 2. Gaul (1999) points out that replacing the integer time derivative in the conventional PDE attenuation modeling by the fractional time derivative leads to better accuracy with fewer parameters and guaranteed causality.
The Fourier transform of the time fractional derivative in the sense of Riemann-
where 
Riemann-Liouville and Caputo fractional derivatives
The Riemann-Liouville fractional integral is an essential concept to understand the fractional derivative and is given by (Samko et al, 1987; Diethelm, 1997 and (
where q and a are real valued. The corresponding Riemann-Liouville fractional derivative is interpreted as
which can be further elaborated into
The Riemann-Liouville fractional derivative has some notable disadvantages in engineering applications such as the hyper-singular improper integral, where the order of singularity is higher than the dimension, and nonzero of the fractional derivative of constants, e.g., , which would entail that dissipation does not vanish for a system in equilibrium (Samko et al, 1987; Seredynska and Hanyga, 2000) and invalidates the causality. The Caputo fractional derivative is instead developed to overcome these drawbacks (Caputo, 1967; Caputo and Mainardi, 1971 ) as defined
Integration by part of (6) will lead to
It is observed that the second term in (7) regularizes the Caputo fractional derivative to avoid the potentially divergence from singular integration at t=a. In addition, the Caputo fractional differentiation of a constant results in zero. The fractional derivatives in the Riemann-Liouville and Caputo senses can respectively be in general expressed as
where m is an integer, and .
Positive time fractional derivative
The positivity of the attenuation (damping) operation required by the decay of the global energy (Matignon et al, 1998) (10) is crucial for the new lossy acoustic molds developed by Szabo (1994) . It is noted that (10b) can be covered by (10a). In terms of (10), we can introduce a positive time fractional derivative, whose Fourier transform characterizes the positive operation as follows
where + FT is the Fourier transform operation, and
where * denotes the convolution product operation, and
The new definitions (12) and ( The positive fractional derivative (13) can further be generalized by 
